We develop a new second-order two-dimensional central-upwind scheme on cell-vertex grids for approximating solutions of the Saint-Venant system with source terms due to bottom topography. Centralupwind schemes are developed based on the information about the local speeds of wave propagation. Compared to the triangular central-upwind schemes, the proposed cell-vertex one has an advantage of using more cell interfaces which provide more information on the waves propagating in different directions. We propose a new piecewise linear approximation of the bottom topography and a novel nonoscillatory reconstruction in which the gradient of each variable is computed using a modified minmodtype method to ensure the stability of the scheme. A new technique is proposed for the correction of the water surface elevation which guarantees the positivity of the water depth. The well-balanced property of the proposed central-upwind scheme is ensured using a special discretization for the cell averages of the topography source terms. The proposed scheme is tested on a number of numerical examples, among which we consider steady-state solutions with almost dry areas and their perturbations and solutions with rapidly varying flows over discontinuous bottom topography. Our numerical experiments confirm stability, well-balanced, positivity preserving properties and second-order accuracy of the proposed method. This scheme can be applied to shallow water models when the bed topography is discontinuous and/or highly oscillatory, and on complicated domains where the use of unstructured grids is advantageous.
Introduction
This paper focuses on development of modern numerical methods for the two-dimensional (2D) Saint-Venant system of shallow water equations (SWEs):
Here, h is the water depth, ( u, v ) T is the velocity field, the function B ( x, y ) represents the bottom elevation, and g is the acceleration due to gravity. Many upwind (see, e.g., [1, 2, 5, 9, 10, 18, 22, 31, 33, 37] ) and central (see, e.g., [6, 8, 15, 23, 28, 40, 41, 45] ) schemes for the shallow water system (1) , which is a hyperbolic system of conservation (if B x ≡ B y ≡ 0) or balance (if B is not a constant) laws, have been proposed in the past two decades. Roughly speaking, the main difference between upwind and central schemes is that upwind schemes use characteristic information and utilize (approximate) Riemann problem solvers to determine nonlinear wave propagation, while central schemes are based on averaging over the waves without using their detailed structures.
Riemann-problem-solver-free central schemes have become a very popular tool for hyperbolic systems of conservation and balance laws after the pioneer work of Nessyahu and Tadmor, [38] , where a second-order, shock-capturing, finite-volume central scheme on a staggered grid was proposed. Since 1990, several higher-order and multidimensional extensions and generalizations of staggered central schemes have been introduced (see, e.g., [40] and references therein). However, staggered central schemes may not provide a satisfactory resolution when small time steps are enforced by stability restrictions, which may occur, for example, in the application of these schemes to convection-diffusion http://dx.doi.org/10.1016/j.compfluid.2016.06.005 0045-7930/© 2016 Elsevier Ltd. All rights reserved. problems as observed in Kurganov and Tadmor [30] . These disadvantages are caused by the accumulation of numerical dissipation. Staggered central schemes can be improved by using some characteristic information on local speeds of propagation. This leads to a class of central-upwind schemes developed by Kurganov et al. in [25] [26] [27] 30] . The central-upwind schemes are based on (one-sided) local speeds which represent the extreme eigenvalues of the system. The use of these techniques makes the centralupwind schemes less dissipative compared to the staggered central schemes, and at the same time being Riemann-problem-solverfree methods they retain the major advantage of central schemessimplicity. The central-upwind schemes have been successfully applied to a variety of problems including several shallow water models [4, 6, 12, 13, 23, 24, 28, 29, 32] .
SWEs and related models are of great interest for many atmospheric and oceanic applications as well as for modeling flows in the rivers and coastal areas. To be able to accurately model realistic situations, one has to develop numerical methods on unstructured grids due to their flexibility to represent irregular domains and convenience of local mesh refinement. There are two main proprieties a good numerical method for SWEs should satisfy. The first one is called a well-balanced property: the scheme should exactly preserve "lake at rest" steady-state solutions. The second property is positivity preserving: the method should guarantee positivity of the computed values of the water depth in each point of the domain at all times.
The main widely used unstructured finite-volume methods are cell-centered (CCFVM) and cell-vertex (CVFVM) ones. The cell-vertex methods are sometimes referred to as node-centered, mesh-vertex or vertex-centered methods. For the CCFVM, the cells are the triangles of the primary mesh. For CVFVM the cells are the dual of the primary mesh as explained in the next section. For a detailed discussion on the two methods we refer the reader to [3, 34, 36] .
Diskin et al. [17] have compared the node-centered and cellcentered schemes for finite-volume discretization of Poisson's equation as a model with viscous fluxes. They have tested structured and unstructured grids based on both triangular and quadrilateral computational cells with randomly perturbed grid points. The authors found that the node-centered finite-volume methods typically outperform the cell-centered ones in terms of accuracy and convergence when the same number of degrees of freedom is used.
Nikolos and Delis [39] proposed a cell-vertex upwind scheme for shallow water flows with wet/dry fronts over complex bottom topography. The authors used the Roe method to compute numerical fluxes and the time evolution of their scheme was carried out by an explicit four-stage Runge-Kutta method. Delis et al. [16] have recently performed an extensive comparison between node-centered and cell-centered upwind finite-volume methods for the 2D SWEs with different source terms on unstructured grids. They studied the performance, robustness and defectiveness of the two methods by comparing numerical results with both analytical solutions and experimental and field data. In the analyses, the authors used different structures of computational grids and the comparisons were performed for all conservative variables using different norms. They found that the CVFVM leads to identical convergence behavior for grids with various qualities (in terms of orientation and distortion) while in the CCFVM, the results are influenced by the grid quality. The reason is that the cells in the CVFVM are constructed in a way that leads to more spatial uniformity than the CCFVM. The authors concluded in their analyses that the CCFVM require more attention in order to obtain an appropriate correction in the construction of the extrapolated primitive variables of the system. Without adequate correction, the points where the numerical fluxes are evaluated do not correspond to the flux vectors obtained by extrapolations. The quality of the results of the CVFVM are less affected by the grid geometry. In addition to the advantages already mentioned, the CVFVM present an advantage compared to the CCFVM for the treatment of the boundary conditions since in the case of the CVFVM the control volume centers can be located on the boundary of the computational domain.
To the best of our knowledge, no cell-vertex central-upwind scheme for shallow water flows or hyperbolic systems of conservation laws have been proposed in the literature. Bryson et al. [6] have proposed a central-upwind scheme on triangular grids for the Saint-Venant system of SWEs with possibly discontinuous bottom topography. The authors have showed that their method is well-balanced and positivity preserving, and demonstrated high resolution and robustness of the method. In this paper, we introduce a new well-balanced positivity preserving central-upwind scheme on cell-vertex grids (described in Section 2.1 ) for the 2D SWEs with variable topography.
The paper is organized as follows. In Section 2 , we present the new cell-vertex semi-discrete central-upwind scheme for the SWEs (1) . In Section 3 , we propose a positivity preserving reconstruction for water surface elevation. The well-balanced discretization of the source term is developed in Section 4 . The positivity preserving property of the proposed scheme is proved in Section 5 . In Section 6 , we demonstrate the high resolution and robustness of the proposed method by testing it on a variety of numerical experiments. The final Section 7 contains concluding remarks.
The cell-vertex central-upwind scheme
In this section, we focus on the derivation of the proposed cell-vertex central-upwind scheme. First the cell-vertex unstructured grid and the notations used in this paper are described in Section 2.1 . Then, we develop the central-upwind method over cell-vertex grids for the SWEs (1) , which can be rewritten using the vector of variables U := ( w, p, q ) T as
where w := h + B represents the water surface elevation and p := hu and q := hv denote the discharges in the x -and y -directions, respectively.
Cell-vertex grid and notations
Unstructured cell-vertex grids are obtained using a triangular discretization of the global domain D: The finite-volume cells, denoted by M j , are centered around the vertices as shown in Fig. 1 . There are various methods to define the dual grid. The control volume around each node can be defined by connecting either the barycenters [39] or centroids [21] of the surrounding triangles of the node. These points can be connected either directly or with the midpoints of the edges that meet the node. In this paper, the boundary ∂M j of the cell M j around each internal triangulation vertex P j is defined by connecting directly the centers of mass of the surrounding triangles that have P j as a common vertex. The water surface elevation w and the discharges p and q are then represented by the corresponding cell averages over the cells M j of size | M j | with the centers of mass denoted by G j ≡ ( x j , y j ).
We assume that the discretization D = N j=1 M j consists of N non-overlapping cells ( N is equal to the number of nodes of the initial triangular grid). To obtain the proposed semi-discrete scheme, we introduce the following notations for the cell M j and its neighboring cells (notice that these notations are not global).
For each cell M j we denote by m j the number of its cell sides and by M j1 , M j2 , . . . , M jm j the neighboring cells that share with M j a common side ( ∂ M j ) 1 , (∂ M j ) 2 , . . . , (∂ M j ) m j , respectively. The side length and the outward unit normal vectors of the cell-interfaces are denoted by jk and n jk := (cos θ jk , sin θ jk ) T , respectively, where θ jk is the angle of the unit normal vector n jk with the x -axis. The midpoint of the k th edge of M j is denoted by P jk and the end points of this edge are denoted by P jk s , where s = 1 , 2 .
Note that the vertices of the cell M j may be denoted by P jk 1 , which is the starting point of the interface k of this cell and for k < m j , P jk 2 = P j(k +1) 1 . An anticlockwise orientation is used to define the start and end points of an interface. Similar indexing is used for other variables. For example, w jk 1 , h jk 1 and B jk 1 stand for the water surface elevation, water depth and the bottom elevation, respectively, at the vertex P jk 1 . Finally, t n denotes the n th time level.
Remark 1.
It should be pointed out that although the initial grid is assumed to be triangular, the proposed cell-vertex method can be based on a quadrilateral or another polygonal unstructured initial grid. This leads to more flexibility of the cell-vertex methods compared to schemes that are restricted to triangular grids only.
The semi-discrete form of the scheme
The semi-discrete central-upwind scheme on cell-vertex grids can be derived following the procedure developed in [27] and [6] for triangular grids. It can be shown that the resulting scheme is
where
U (x, y, t ) d xd y is the approximation of the cell averages of the solution at time t , and the quantity S j is a discretization of the cell averages of the source term,
)) d xd y, which will be discussed in Section 4 . The semi-discrete scheme (4) uses the bottom elevation B jk := B ( P jk ) at the midpoint P jk of the k th cell interface and the values U j ( P jk ) and U jk ( P jk ) at time t on the two sides of this interface (inside and outside of the cell M j , respectively), which are determined using the positivity preserving piecewise linear reconstructions in the cell M j and its neighboring cell M jk , respectively; for details, see Sections 2.3, 2.4 and 3 .
Finally, the one-sided local speeds of propagation at the k th interface of the cell M j can be estimated using the smallest, λ 1 [ V jk ], and largest, λ 3 [ V jk ], eigenvalues of the Jacobian
as follows:
Remark 2. If the value of a in jk + a out jk in Eq. (4) is zero or very close to zero (smaller than 10 −10 in all of our numerical experiments), we avoid division by zero or by a very small number using the following approximations:
These approximations are obtained by using similar extreme values of the directional local speeds of propagation of the waves at the cell interface inward and outward the computational cell. These values are used to delimit different domains in which the solution is still smooth and the domains in which the solution may not be smooth when it evolves from the time level t n to t n +1 . These domains are used in the procedure to obtain the semi-discrete form of the scheme as explained in details in [27] for triangular grids. The stability condition of the proposed central-upwind scheme using the semi-discrete form (4) and the approximations in Remark 2 will be discussed in Remark 8 .
Remark 3.
For very small values of the water depth h we compute the velocity components at cell interfaces using the following desingularization formula proposed in [28] :
where ε is a small positive number which is taken in our numerical experiments equal to the square of the maximum of the computational cells areas in the entire domain. For consistency, we recompute the discharge values at cell interfaces using the obtained velocity values by p := h · u and q := h · v , which are used in Eq. (4) to evaluate the fluxes.
Remark 4.
The semi-discretization (4) is a system of ODEs, which has to be integrated in time using a sufficiently accurate and stable ODE solver. In all of the numerical experiments reported in Section 6 , we have used the three-stage third-order strong stability preserving (SSP) Runge-Kutta method originally developed in [42] ;
see also [19, 20] for details on SSP ODE solvers. We note that one step of the three-stage third-order SSP Runge-Kutta method is a convex combination of three forward Euler steps: this property is useful to ensure the positivity preserving property of the resulting finite-volume method. We also note that even though the designed scheme is second-order accurate in space, we prefer to use the third-order-rather than the second-order-SSP method thanks to its larger stability domain and better nonlinear stability properties; see, e.g., [19, 20] .
Continuous piecewise linear approximation of the bottom
Let us assume that the bottom topography function B is a piecewise smooth function. In order to construct its continuous piecewise linear approximation, we first define the values of B at the vertices P jk i = (x jk i , y jk i ) of the cell M j . We use the following formula for the point value of the bottom topography at P jk i :
We then obtain the approximate values of B at the midpoint of the interface connecting the points P jk 1 and P jk 2 using a linear approximation resulting in
Equipped with the approximate values of B at the midpoints of each cell interface, we approximate the value of B at the center of mass G j by
where μ k = A jk / | M j | and A jk is the area of the triangle G j P jk 1 P jk 2 (see Fig. 1 ). Given the values at the vertices, B j , B jk 1 and B jk 2 , we obtain a linear approximation of B over this triangle. Finally, we obtain the continuous piecewise linear approximation of B at the cell M j by taking the union of m j planes over the corresponding triangles connecting the two neighboring vertices of M j and its center of mass.
Piecewise linear reconstruction
In order to obtain a piecewise linear reconstruction of w, p and q , we need to approximate its gradients in each cell. The gradient of the i th component
, is computed by averaging it over M j using the Green-Gauss theorem as follows:
where U (i ) js is the estimated value of U ( i ) at the cell interface ( ∂M j ) s and d denotes an infinitesimal boundary arc length.
To prevent oscillations, we propose a new minmod-type reconstruction which is more suitable for cell-vertex finite-volume schemes. To this end, we compute m j gradients. The k th gradient 7) , where the estimated values U (i ) js on the cell interfaces ( ∂M j ) s are obtained using the following three-step procedure:
js / 2 for i = 1 , 2 , 3 and for all s except for s = k, • In the case s = k, we use
• Then, the obtained values of U (1) js = w js are corrected: If w js < B js , that is, if the estimated value of w is below the bottom elevation at the midpoint of the s th cell interface, we raise that value to w js := B js .
Finally, for each variable w, hu and hv , out of the m j gradient values we select the one that has the smallest magnitude and use the obtained numerical gradients ∇U j = ((U x ) j , (U y ) j ) T to build the corresponding linear pieces in the cell M j :
The values U j ( P jk ) required in (4), (5) are then obtained by substituting the coordinates of P jk into (8) .
Remark 5. Note that the reconstruction (8) satisfies the relationship similar to (6) , established for the continuous piecewise linear reconstruction of the bottom topography in Section 2.3 . In particular, for the water surface elevation w and the water depth
which will be used in the proof of positivity preserving property of the scheme presented in Section 5 .
We would like to point out that the piecewise linear reconstruction procedure for w presented in this section does not guarantee positivity of the reconstructed values of h . Therefore, this reconstruction has to be corrected to preserve the positivity of h .
Positivity preserving reconstruction for water surface elevation
In this section, we propose an algorithm for the positivity preserving reconstruction of w . We say that the reconstruction is positivity preserving if it leads to nonnegative computed values of water depth at all of the cell vertices. The obtained reconstruction can be viewed as a correction of the basic piecewise linear reconstruction
where the gradient ∇w j = ((w x ) j , (w y ) j ) T is calculated using the modified minmod-type limiter described in Section 2.4 .
We will distinguish between the three cases depending on the amount of water present in the cell M j and on the local properties of the piecewise linear bottom approximation.
Case 1 (Wet Cells). We first consider the cells in which the water surface elevation w j is greater than or equal to the bed elevation at all of the vertices of the cell M j , that is, w j ≥ B jk 1 for all k ∈ [1, m j ]. In this case, it is possible to construct a single-plane reconstruction over the entire cell M j . The reconstruction will take the form
where a proper selection of the parameter α ∈ [0, 1] will help to respect positivity of the water depth.
To obtain the values of water surface elevation and water depth at the cell vertices (denoted by P jk 1 ) we use
and
The condition that the water surface elevation is greater than or equal to the bed elevation at all of the vertices of the cell M j implies that the set of parameters α ∈ [0, 1] which guarantee the positivity of h jk 1 at all of the cell vertices, is not empty since it contains α = 0 . We then consider the largest α in this set denoted by α max and we use the single-plane reconstruction based on the gradient α max ∇w j . The parameter α max can be easily obtained by requiring h jk 1 ≥ 0 in (12) for all k 1 . (10) ). The second possible case corresponds to the situation, in which there are some cell vertices P jk 1 for which w j < B jk 1 . We split the vertices P jk 1 , k = 1 , . . . , m j into two separate sets: wet vertices where w j ≥ B jk 1 , and dry vertices where w j < B jk 1 . Due to (9) and since w j ≥ B j , the set of wet vertices is not empty.
Case 2 (Partially Wet Cells with the Possibility of Single-Plane Reconstruction
Similar to Case 1, we consider the parameter α max such that for all α ∈ [0, α max ] the values of the water depth obtained using Eq. (12) are nonnegative for all wet vertices. If h is also nonnegative for α = α max at all of the dry vertices, we use α = α max for the single-plane reconstruction (11), (12) . Otherwise, no singleplane positivity preserving reconstruction is possible and we build a reconstruction consisting of m j planes defined over the cell M j . Case 2) . In this case, we propose a reconstruction with the minimal deviation from the direction of the initial gradient ∇w j .
Case 3 (Partially Wet Cells Not Included in

Case 3a:
We first consider partially wet cells with only one dry vertex P jk 1 (that is, w j < B jk 1 ). In the reconstruction, we set zero water depth at this point (that is, we set w (P jk 1 ) := B jk 1 ) and since the linear reconstruction should also satisfy w (G j ) = w j , we only need a third point to complete the reconstruction. To this end, we consider m j − 1 planes passing through these two points and the point (P jk 1 , B jk 1 ) for k 1 = k 1 and we compute their gradients {∇w k 1 } . We then consider only those gradients that lead to positive reconstructions and out of them select the gradient which has the minimal deviation from the direction of the initial gradient ∇w j by computing the angles between ∇w j and ∇w k 1 . If none of the gradients ∇w k 1 guarantees a positive reconstruction, we proceed with Case 3b. Case 3b: Finally, we consider partially wet cells not covered by Case 3a. We now use a union of m j planes defined over the cell M j . First, we set zero depth at the cell vertices at which the condition w j < B jk 1 is satisfied. There are many possibilities for the reconstruction, but in order to avoid oscillations we consider the constant depth denoted by h j at the other vertices where w j ≥ B jk 1 .
The value of h j can be obtained using the conservation requirement (9) as follows:
Remark 6. In all of the cases considered above, the values of water surface elevation and water depth at the midpoints P jk are obtained from the values at the cell vertices by
Therefore, if the reconstructed water depth is nonnegative at all of the cell vertices, it will be also nonnegative over the entire cell, and in particular, at the midpoints of its interfaces. The positivity of the water depth at the midpoints of the interfaces will be crucial in the proof of the positivity preserving property of the scheme presented in Section 5 .
Well-balanced discretization of the source term
The proposed semi-discrete central-upwind scheme (4) includes the cell average of the source term S j ≡ 0 , S
j T . To design a well-balanced scheme, that is, a scheme that exactly preserves "lake at rest" steady-state solutions satisfying w ≡ C , u ≡ v ≡ 0, where C is a constant, a special quadrature has to be designed.
Note that for a given "lake at rest" solution, U j (P jk ) = U jk (P jk ) = (C, 0 , 0) T , and the two momentum equations of the semi-discrete
In the remaining part of the section, we derive a quadrature that satisfies the well-balancing conditions (13) .
First, the source term S (2) j can be rewritten in the following form using the divergence theorem:
We then apply the midpoint rule to approximate the integrals on the right-hand side (RHS) of (14) to obtain the well-balanced quadrature for S (2) j :
Similarly, the well-balanced quadrature for the source term S
Indeed, the quadratures (15) and (16) are well-balanced since the terms on the RHS of (15) and (16) containing the derivatives ( w x ) j and ( w y ) j vanish for the "lake at rest" solution U ≡ ( C , 0, 0) T , and the well-balancing conditions (13) are satisfied.
Positivity preserving property of the scheme
In this section, we prove the positivity preserving property of the proposed central-upwind scheme. Theorem 1. Consider the semi-discrete central-upwind scheme (4) for the Saint-Venant system (2) , (3) . Let the ODE system (4) is integrated using the forward Euler method. We assume that at time t = t n the computed water depth is nonnegative, that is, w n j ≥ B j for all j and that the time step size is restricted by
where a = max { a in jk , a out jk } and d jk is the distance between the center of mass G j of the cell M j and its kth interface P jk 1 P jk 2 .
Then w n +1 j ≥ B j for all j at time t = t n +1 .
Proof. Applying the forward Euler temporal discretization to the first equation in (4) yields
Recall that the reconstruction proposed in Sections 2.4 and 3 guarantees that the water surface elevation and the water depth satisfy the following equalities at time level t = t n :
μ k h j (P jk ) , (19) and the inequalities h j ( P jk ) ≥ 0 and h jk ( P jk ) ≥ 0.
Since the piecewise linear reconstruction of the bottom topography is continuous we have w jk (P jk ) − w j (P jk ) = h jk (P jk ) − h j (P jk )
for each k ∈ [0, m j ]. We then use this equality together with (19) to rewrite Eq. (18) in the following form:
where u θ 
This condition is valid and can be verified using the time step restriction (17) , μ k = A jk / | M j | and A jk = d jk jk / 2 . Remark 7. The proof of Theorem 1 is still valid if the forward Euler temporal discretization is replaced with a high-order SSP ODE solver, since one step of any SSP method consists of a convex combination of several forward Euler steps.
Remark 8. We note that the condition (17) only ensures the positivity preserving property of the designed scheme, but does not a-priori guarantees its stability. Similar to the stability requirement of the central-upwind scheme on the triangular meshes ( [6, 27] ), we can formulate the CFL condition for the proposed cellvertex central-upwind scheme: No nonlinear (possibly discontinuous) waves generated at the cell interfaces should reach the center of mass of the computational cell over a time step t . This leads to the following time step restriction:
which is less restrictive than (17) . Therefore, the condition (17) is expected to ensure both the stability and positivity. Note that if the approximation given in Remark 2 for the proposed semi-discrete scheme is used, the condition (21) required for positivity is satisfied since in this case the value of the directional local speed a out jk is very small.
Numerical examples
In this section, we demonstrate the performance of the proposed central-upwind scheme on a variety of benchmarks. In all of the numerical experiments, we take g = 1 except for Example 4 , where we set g = 9 . 812 . In Examples 1 -3 , the proposed scheme is employed to compute small perturbations of the "lake at rest" steady states in different contexts. In Example 4 , we simulate a rapidly varying flow arising in modeling dam breaking over discontinuous bottom topography. In Example 5 , the exact solution for parabolic waves proposed in [43] is used for assessing the proposed method. We have used this analytical solution to test the accuracy and positivity of the proposed scheme.
Example 1. Small perturbation over an exponential hump
In the first example, we consider the benchmark originally proposed in [31] and then widely used in the literature (see, e.g., [7, 23] ), as well as its more challenging version ( [6] ), in which a very small perturbation of the water surface elevation is considered. We study the ability of the cell-vertex central-upwind scheme to accurately capture the propagation of a small perturbation of the "lake at rest" steady state over an exponential hump described by
The computational domain is [0 , 2] × [ −0 . 5 , 0 . 5] , and the water surface is initially at rest everywhere except for the stripe 0.05 < x < 0.15, where a small perturbation is initially located:
First, we take a relatively large perturbation ε = 0 . 01 and compute the solution using the grid with an average cell area | M j | = 2 . 24 · 10 −5 . The evolution (at times t = 0 . 6 , 0.9, 1.2, 1.5 and 1.8) of the right-going portion of the water surface perturbation is shown in the left column of Fig. 2 . As one can see, the obtained solution is oscillation-free and the achieved resolution is comparable to the resolution achieved in [6, 23, 31] . To further verify the robustness of the proposed method, we take smaller perturbation values ε = 10 −3 and ε = 10 −4 and compute the solution at the same time moments t = 0 . 6 , 0.9, 1.2, 1.5 and 1.8 using the grids with average cell areas | M j | = 1 . 25 · 10 −5 and | M j | = 7 . 78 · 10 −6 , respectively. The obtained results are shown in the right column of Fig. 2 and in Fig. 3 . It should be observed that the computed solutions are still oscillation-free and highly resolved. This demonstrates the ability of the scheme to accurately capture quasi-steady states.
Next, we demonstrate the importance of the proposed wellbalanced discretization of the source term. To this end, we design a non well-balanced cell-vertex central-upwind scheme by replacing the well-balanced quadratures (15) and (16) with the midpoint rule: where the components of ∇B are obtained using the divergence theorem:
The non well-balanced solution computed for ε = 10 −4 at time t = 0 . 6 on the same grid as before (with average cell areas | M j | = 7 . 78 · 10 −6 ) is shown in Fig. 4 . As one can see, the use of the non well-balanced scheme leads to spurious modes appearing at the plateau area which deform the solution. When we take a coarser mesh with average cell areas | M j | = 2 . 24 · 10 −5 , the non well-balanced solution is severely deformed and is completely in-correct, see Fig. 4 (middle) . The well-balanced scheme applied on the same coarse mesh leads, on the contrary, to oscillation-free results as it is shown in Fig. 4 (right) . This clearly demonstrates a crucial role of a well-balanced source term quadrature.
Example 2. Small perturbation over submerged flat plateau
In this example, we consider a submerged flat plateau as shown in Fig. 5 (left) . To further verify well-balanced and positivity preserving features of the proposed cell-vertex central-upwind scheme, we consider a slight modification of the test problem from [6] , in which a small perturbation of the "lake at rest" steady state propagates over a submerged flat plateau located very close to the water surface. 
The outflow boundary conditions are used in the x -direction, while the wall boundary conditions are imposed in the y -direction. As in Example 1 , the initial conditions correspond to a small perturbation of the "lake at rest" steady state:
The value of the desingularization parameter ε = 0 . 01 is used here.
The solution is computed using the proposed cell-vertex central-upwind scheme with average cell areas | M j | = 2 . 24 × 10 −5 . Fig. 6 shows w computed at times t = 0 . 2 , 0.35 and 0.65. As one can see, no oscillations are observed and the positivity of the water depth is preserved. We then compute the solution on the same grid at the same times, but using the non well-balanced central-upwind scheme described in Example 1 . The obtained results are presented in Fig. 7 , where spurious deformations are clearly observed. These deformations lead to numerical oscillations and widely increase if a coarser mesh is used.
Example 3. Small perturbation bending around a round-shape island
This example, which is also a slight modification of the problem from [6] , is designed to examine both well-balanced and positivity preserving properties of the studied scheme by testing its ability to handle a situation with a small perturbation of a "lake at rest" state propagating around an island. The round-shape island (see Fig. 5 , right) is represented by the following bottom topography function:
which is located in the center of the computational domain
The initial condition given by
As in Example 2 , the outflow boundary conditions are used in the x -direction, while the wall boundary conditions are imposed in the y -direction.
The solution computed at times t = 0 . 35 , 0.50 and 0.65 for ε = 0 . 01 using the proposed cell-vertex central-upwind scheme with average cell areas | M j | = 1 . 25 × 10 −5 is shown in Fig. 8 . The flow around the dry parts of the island is of a special interest. As one can see, the wave bends around the island without any oscillations. On the contrary, the results obtained using a non well-balanced discretization of the source terms contain large artificial waves, which develop completely different solution structure, see Fig. 9 .
Example 4. Dam break over discontinuous topography
In this example, we test the ability of the proposed cell-vertex central-upwind scheme to accurately resolve rapidly varying flows. We consider a 1D dam break problem from [44] , see also [11] , which we solve using the 2D code with outflow boundary conditions. In this problem, the bottom topography is given by
otherwise , and the initial conditions are
In Fig. 10 , we show the solutions computed using the cellvertex central-upwind scheme at time t = 15 using the grid shown in Fig. 12 (left) with average cell areas M j = 2 . 30 and M j = 0 . 50 . The shock and rarefaction waves reach the discontinuities in the bottom topography at about t ≈ 17. We then compute the solutions on the same two grids at time t = 55 , at which the developed wave structure is much more complicated than at time t = 15 . The obtained results are shown in Fig. 11 . The solutions computed by the proposed central-upwind scheme are in a good agreement with the solutions reported in [11, 44] , they are oscillation-free, and the achieved resolution is very high.
Example 5. Thacker's time-dependent solution using a parabolic flood wave In the last example, the proposed cell-vertex central-upwind scheme is tested using a time-dependent exact solution proposed by Thacker [43] .
For the flat bottom topography ( B ≡ 0) and a time reference value T , this solution can be written as follows:
where η is the initial height at the peak of the water surface and the parameter R 0 is the radius of the spreading mound which is given by
This test problem is challenging since for large t , the water depth becomes very small.
We take η = 2 and R 0 = 9 and the following initial conditions:
on the [ −3 , 3] × [ −3 , 3] computational domain. The analytical solution (26) is used to calculate the boundary conditions. In Fig. 13 , we present the solution computed at t = 0 . 5 T , T and 15 T using the unstructured mesh-vertex grid shown in Fig. 12 (right) with 9941 cells. These results demonstrate that the proposed central-upwind scheme is stable, it preserves the symmetry of the solution and the positivity of the water depth even at large t = 15 T . We also test the experimental order of convergence and present the obtained results in Table 1 , where the L 1 -errors for w at time t = T and the corresponding convergence rates are shown. Other numerical tests are performed for the spatial order of the proposed method, where a very small time step is used in order to render the temporal errors negligible. Different sizes of the computational cells are used to obtain the errors due to the spatial discretization. Fig. 14 shows the evolution of the L 1 -error in the log-log scale, where we observe that for small sizes of the computational cells the spatial convergence rate is approximately equal to 2. These results confirm the second-order of accuracy of the proposed method.
In order to compare the proposed scheme and the second-order triangular central-upwind scheme in terms of accuracy, the L 1error is computed for the solution of parabolic flood wave at time t = T using both schemes. For the CFL number 0.5, the solution at time t = T computed by the proposed scheme using a meshvertex computational grid with average cell areas | M j | = 1 . 837 · 10 −3 has the L 1 -error e 1 = 7 . 140 · 10 −4 , while the L 1 -error for the second-order triangular central-upwind scheme using a computational grid with the same average cell areas is e 2 = 1 . 922 · 10 −3 , which is more than twice larger than e 1 .
Conclusions
In this paper, we have introduced a new second-order wellbalanced positivity preserving central-upwind scheme on unstructured cell-vertex grids for the Saint-Venant system of shallow water equations with variable bottom topography. Cell-vertex finitevolume methods take an advantage of using more cell interfaces. This is important, especially in the case of central-upwind schemes which are developed based on the use of local speeds of propagation at cell interfaces. To develop cell-vertex central-upwind schemes, we have proposed a new piecewise linear approximation of the bottom topography. To ensure the stability of the scheme, we have developed a new non-oscillatory piecewise linear reconstruction in which the gradient of each of the conservative variables is computed using a modified minmod-type limiter. The water surface reconstruction has been corrected to guarantee the positivity of the water depth over the entire computational cell. The well-balanced property of the proposed method has been ensured using a special quadrature for the discretization of the cell averages of the source terms due to bottom topography. We have proved the positivity preserving property of the proposed well-balanced cell-vertex central-upwind scheme in the case when the time discretization is carried out using an SSP ODE solver. The third-order SSP Runge-Kutta method has been used in all of our numerical experiments.
The performance of the proposed scheme has been tested on a number of numerical examples. We have used the scheme to compute small perturbations of "lake at rest" steady-state solutions over several different bottom topographies, including a case with almost dry areas and "islands". The scheme has been also validated in the case of a rapidly varying flow over discontinuous bottom topography. In the last numerical example, the accuracy of the proposed scheme has been experimentally tested on a problem for which the exact time-dependent solution is available. The obtained numerical results confirm the well-balanced, positivity preserving and non-oscillatory properties as well as the second order of accuracy of the developed cell-vertex central-upwind scheme. Even though an unstructured triangulation was used as a primary grid, an extension to more general polygon-type primary grids can be made in a straightforward manner.
The proposed central-upwind scheme can be extended to multidimensional coupled models, for which the eigenvalues and eigenvectors of the matrix of the system are not known analytically, and thus the solution of the Riemann problem or its numerical approximation may be hard to obtain. In these cases, the use of the proposed Riemann-problem-solver-free central-upwind scheme may be especially advantageous since the estimates on the one-sided local speeds a in jk and a out jk may be obtained using the Lagrange theorem [35] as it was done, for example, in [14, 29, 32] .
